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All questzons may be attempted but only marks obtamed on the best four solutions will 
count. 
The use of an electromc calculator 'tS not permitted in this examinatzon. 

1. (i) If 8 = (q V -.p) I\(p 1\ -.q) find a formula eqUIvalent to -.8 which does not 
involve 1\, V or -'. 
Without computing truth tables decide which of the following (a), (b) or (c) is 
correct: 
(a) 8 is a tautology; (b) 8 is a contradiction; (c) 8 is neither a tautology nor a 
contradiction. 

(ii) Find an equivalent formula to T below which does not involve 3, -. or ==}. 

T = -.(3x) (F(x) ==} (('</y)R(y) ==} (3z)-.S(z))). 

(iii) Let f : A -> B be a mapping between sets A, B. Explain what is meant by 
saying that 

(a) f is injective; (b) f is surjective; (c) f is invertible. 

Prove that f is invertible if and only if f is both injective and surjective. 

2. Let €(r, s) be the n x n matrix given by €(r, S)ij = OriOsj where '0' denotes the 
Kronecker delta. Prove that 

{ 

E(r, t) 
€(r,s)E(p,t) = 0 

if s =p 

if s fp 

The elementary matrices ~(r, a) and E(r, S; A) (r f s) are defined by 

~(r,a)=In+(a-l)E(r,r) ; E(r,s;A) = In + A€(r,s). 

When r f s express (in terms of In, €(r, r) and €(r, s) ) the matrix products 

(i) E(r, S; JL)~(r, a) and (ii) ~(r, a)E(r, S; A). 

If ~(r, a)E(r, S; A) = E(r, S; JL)~(r, a) express JL in terms of a, A. 

For the matrix A below, find A-I. Moreover, by first expressing A-I as a product 
of elementary matrices also express A as a product of elementary matrices. 

o 1 2 

A= 1 3 2 

1 2 1 
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3. Let V be a vector space over a field IF and let {VI, ... , vn } be a subset of V ; explam 
what is meant by saying that {VI, ... , vn } is linearly independent over IF. 

In each case below, decide with justification whether the given vectors are linearly 
independent over IQ. If they are not, give an explicit dependence relation between 
them. 

Explain what is meant by a spanmng set for a vector space V. Let {VI, V2,···, vn } 

be a spanning set for V, and suppose that u E V can be expressed as a linear 
combination of the form 

r=l 

with Al # O. Show that {u, V2, ... , vn } is also a spanning set for V. 

State and prove the Exchange Lemma. 

4. Let V, W be vector spaces over a field IF and let T: V --> W be a mapping; explain 
what is meant by saying that T is linear. 

When T is linear, explain what is meant by 

(a) the kernel, Ker(T) and 

(b) the image, Im(T). 

State and prove a relationship which holds between dim Ker(T) and dim Im(T). 

Let TA : 1Q6 --> 1Q4 be the linear mapping TA(X) = Ax, where 

( 

1 -2 

A= 1 0 
1 2 
3 -4 

o 1 
1 0 
2 -1 
1 2 

o 
1 
2 
1 

Find (i) dim Ker(TA) ; (ii) a basis for Ker(TA) ; (iii) a basis for Im(TA)· 
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5. Let V be the vector space consisting of all functions f : IR -> IR of the form 

f(x) = e-X{ao + alx + a2x2} (a, E lQ) 

and let D : V -> V be the linear map DU) = ;if. 

(i) the matrix of D; (ii) the matrix of D4; (iii) the matrix of D-l . 

Hence without further explicit differentiation or integration write down 

(iv) (v) 

[You may ignore the constant of integration in (v) J. 

6. Let T: U -> V be a linear map between vector spaces U , V, and let £ = (e.h';;,';;m 
be a basis for U and <I> = ('PJ)l';;'';;n be a basis for V. 

Explain what is meant by the matrix M(T)t of T taken wlth respect to £ (on the 
left) and <I> (on the right). 

Now suppose that V = U : 

(i) prove that M(Idu)t is invertible and give an expression for (M(Idum-l ; 

(ii) state and prove a relationship which holds between M(T): and M(T)~ 

Consider the following two bases for lQ3 ; 

and let T : lQ3 -> lQ3 be the mapping T ( ~: ) 

Write down M(T)~ and find M(T):. 
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